Introduction {#Sec1}
============

In recent years, periodically driven solid-state materials have emerged as an alternative avenue to extend the search for topological quantum materials^[@CR1]--[@CR30]^. This mechanism involves the exposure of a topologically trivial quantum material to a time-periodic electric field. In this system, time-reversal symmetry of the Bloch bands is broken by circularly-polarized electric field by modifying the intrinsic properties of the material via light-matter interactions. This results in a Floquet Chern insulator such as in irradiated graphene^[@CR1],[@CR5]^. The non-equilibrium topological systems are believed to give interesting properties that are not possible in the equilibrium systems.

In insulating magnets, the quantum theory of magnons dictates that magnons carry a spin magnetic dipole moment and an intrinsic spin of 1, which can be used for dissipationless information processing in the emerging field of magnon spintronics^[@CR31],[@CR32]^. This implies that magnons can accumulate the Aharonov-Casher phase^[@CR33]--[@CR38]^ when exposed to a time-independent spatially-varying electric field resulting in magnonic Landau levels^[@CR38]^ and chiral anomaly in Weyl magnons^[@CR39],[@CR40]^. Remarkably, the magnon accumulated Aharonov-Casher phase has a strikingly different physics when the electric field is time-dependent and periodic as in electronic systems. In this case, the resulting irradiated insulating magnets can be investigated using the Floquet theory in a similar manner to irradiated metallic electronic systems. Unlike electronic systems, the magnetic Floquet physics can reshape the underlying spin Hamiltonian to stabilize magnetic phases and provides a promising avenue for inducing and tuning Floquet topological spin excitations^[@CR41]--[@CR43]^, with a direct implication of generating and manipulating ultrafast spin current using terahertz (THz) radiation^[@CR44]--[@CR46]^. In this respect, the concept of magnonic Floquet Chern insulator has emerged^[@CR41]--[@CR43]^, where circularly-polarized light induces a dynamical Dzyaloshinskii-Moriya (DM) interaction^[@CR47]--[@CR49]^ in a single-layer two-dimensional (2D) insulating honeycomb ferromagnet. This approach has also been generalized to engineer Floquet Weyl magnons^[@CR50]^ in three-dimensional (3D) insulating honeycomb ferromagnets. Similar to electronic Floquet system, time-reversal symmetry is broken by circularly-polarized electric field and the Floquet topological system is characterized by the first Chern number. Therefore, the topological aspects of electronic and magnonic Floquet systems are essentially the same and they originate from the same oscillating time-periodic electric field. To make this similarity obvious, we note that in the magnonic Floquet topological systems, the intensity of light is characterized by the dimensionless quantity^[@CR41]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$i=x,y$$\end{document}$) are the amplitudes of the electric field, *g* is the Landé g-factor, *μ*~*B*~ is the Bohr magneton, *a* is the lattice constant, *ħ* and *c* are the reduced Plank's constant and the speed of light respectively. The dimensionless quantity in Eq. ([1](#Equ1){ref-type=""}) should be compared to that of electronic Floquet topological systems^[@CR1],[@CR2],[@CR5]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ is the angular frequency of light. Thus, for the irradiated magnetic insulators we can identify the spin magnetic dipole moment carried by magnon as$$\documentclass[12pt]{minimal}
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Therefore, we can see that for a typical light wavelength *λ* of order 10^−8^m, the spin magnetic dipole moment *gμ*~*B*~ carried by magnon in the irradiated magnetic insulators is comparable to the electron charge *e*. This shows the similarity between the electronic and the magnonic Floquet topological systems.
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                \begin{document}$${{\mathbb{Z}}}_{2}$$\end{document}$ characterization of topological magnon bands in the equilibrium time-independent insulating antiferromagnets has garnered considerable attention^[@CR51]--[@CR56]^. In particular, for the 2D insulating bilayer honeycomb antiferromagnets with a DM interaction^[@CR47]--[@CR49]^ the system preserves time-reversal and space-inversion ($\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{Z}}}_{2}$$\end{document}$ topological insulator^[@CR57]--[@CR59]^. Unfortunately, most 2D insulating honeycomb antiferromagnets do not have the unique form of the required DM interaction^[@CR47]^. In fact, the absence of this unique DM interaction in most insulating honeycomb antiferromagnets has prevented a discernible experimental observation of the magnon spin Nernst voltage in MnPS~3~^[@CR60]^. One possible mechanism to induce the unique form of the required DM interaction in 2D insulating honeycomb antiferromagnets is through photo-irradiation with a circularly-polarized electric field^[@CR41]^.
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                \begin{document}$${\mathscr{P}}{\mathscr{T}}$$\end{document}$ symmetry. Specifically, we study irradiated 2D insulating bilayer honeycomb ferromagnets and antiferromagnets coupled antiferromagnetically with a zero net magnetization, where the former is realized in bilayer CrI~3~^[@CR61]--[@CR63]^. Our theoretical formalism is based on the Floquet theory, spin-wave theory, and quantum field theory. In both honeycomb bilayer systems, we show that circularly-polarized electric field induces a dynamical DM interaction in each honeycomb layer, but the bilayer antiferromagnetic system preserves $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{Z}}}_{2}$$\end{document}$ Floquet topological magnon phase diagram and identify the regimes where the Floquet magnon spin Nernst coefficient changes sign. We also show that both systems exhibit Floquet spin-filtered magnon edge states, where Floquet magnon with opposite spin propagates in opposite directions. Our results provide a powerful mechanism for manipulating the intrinsic properties of 2D insulating honeycomb antiferromagnetic materials such as bilayer CrI~3~, and could pave the way for studying new interesting features in 2D insulating antiferromagnets such as photo-magnonics^[@CR64]^, magnon spintronics^[@CR31],[@CR32]^, and ultrafast optical control of magnetic spin currents^[@CR37],[@CR44]--[@CR46]^.

Results {#Sec2}
=======

Bilayer Heisenberg spin model {#Sec3}
-----------------------------

We consider the Heisenberg spin model for 2D insulating bilayer honeycomb ferromagnets and antiferromagnets coupled antiferromagnetically. The Hamiltonian is governed by$$\documentclass[12pt]{minimal}
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                \begin{document}$${J}_{c} > 0$$\end{document}$ (see Fig. [1(b)](#Fig1){ref-type="fig"}). The intralyer coupling is ferromagnetic in case (*i*) and antiferromagnetic in case (*ii*). In both cases the net magnetization vanishes. We note that case (*i*) is manifested in the bilayer honeycomb magnet CrI~3~^[@CR61]--[@CR63]^. There are four sublattices in the unit cell denoted by *A*~1~, *B*~1~, *A*~2~, *B*~2~. In both cases the interlayer exchange couples sites on the sublattices $\documentclass[12pt]{minimal}
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                \begin{document}$${B}_{1}\leftrightarrow {B}_{2}$$\end{document}$.Figure 1(**a**) Case (*i*) -- bilayer honeycomb-lattice ferromagnets coupled antiferromagnetically as realized in bilayer CrI~3~. (**b**) Case (*ii*) -- bilayer honeycomb-lattice antiferromagnets coupled antiferromagnetically. (**c**) The Brillouin zone (BZ) of the honeycomb lattice with high-symmetry paths.

Bosonic Bogoliubov-de Gennes model {#Sec4}
----------------------------------

We will focus on the low-temperature regime, when the magnetic excitations of the spin Hamiltonian in Eq. ([4](#Equ4){ref-type=""}) can be described by the Holstein Primakoff transformation^[@CR65]^ (see Methods). The bosonic Hamiltonian in momentum space is given by$$\documentclass[12pt]{minimal}
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The bosonic Bogoliubov-de Gennes (BdG) Hamiltonian is given by$$\documentclass[12pt]{minimal}
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Irradiated bilayer antiferromagnetic insulator {#Sec5}
----------------------------------------------
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The Floquet theory is a powerful mechanism to study periodically driven quantum systems^[@CR1]--[@CR30]^. It enables one to transform a time-dependent periodic Hamiltonian into a static effective Hamiltonian governed by the Floquet Hamiltonian. In the off-resonant limit, when the photon energy *ħ*$\documentclass[12pt]{minimal}
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Periodically-driven bosonic BdG model {#Sec6}
-------------------------------------

In this section, we will study the magnon band structures for a general light polarization $\documentclass[12pt]{minimal}
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In Fig. [2(c](#Fig2){ref-type="fig"} and [d)](#Fig2){ref-type="fig"} we have shown the plots of the Floquet magnon quasienergies for $\documentclass[12pt]{minimal}
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In this section, we will study the topological phase diagram and the topological invariant quantity of the irradiated bilayer antiferromagnetic system. Due to *S*~*z*~ conservation, we can define the block Chern number of the Floquet magnon bands as$$\documentclass[12pt]{minimal}
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We have computed the block Chern numbers of the system using the discretized Brillouin zone method^[@CR66]^. We focus on the lower Floquet quasienergy magnon band. The upper Floquet magnon band can be obtained by flipping the signs. Due to $\documentclass[12pt]{minimal}
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To further substantiate the existence of the $\documentclass[12pt]{minimal}
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Conclusion {#Sec8}
==========

Using a combination of the Floquet theory, spin-wave theory, and quantum field theory, we have presented an exposition of $\documentclass[12pt]{minimal}
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Methods {#Sec9}
=======

Spin wave theory of bilayer honeycomb antiferromagnets {#Sec10}
------------------------------------------------------

To derive the bosonic Hamiltonian in Eq. ([6](#Equ6){ref-type=""}), we introduce the Holstein Primakoff bosons:$$\documentclass[12pt]{minimal}
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Quantum field theory description of Aharonov-Casher phase {#Sec11}
---------------------------------------------------------
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To describe the antiferromagnetic Dirac magnon in the presence of an oscillating electric field, we follow the procedure in ref.^[@CR76]^. In (2 + 1) dimensions, there are two inequivalent representations of the Dirac gamma matrices which generate different Clifford algebras. These two inequivalent representations of the Dirac matrices can be used to describe the $\documentclass[12pt]{minimal}
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In this representation the interaction term transforms as$$\documentclass[12pt]{minimal}
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Floquet-Bloch theory {#Sec12}
--------------------
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Each block Hamiltonian in Eq. ([6](#Equ6){ref-type=""}) obeys this equation.
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